Transient Sorption by Symmetrical Multilaminate
Slabs in Well-Stirred Semiinfinite and Finite Baths

H. GARTH SPENCER, Department of Chemistry, Clemson University,
Clemson, South Carolina 29631, and JAMES A. BARRIE, Department of
Chemistry, Imperial College of Science and Technology, London SW7 2AY,
England

Synopsis

Equations describing the sorption kinetics of symmetrical slabs with 2-N laminae each with
constant diffusion and partition coefficients in well-stirred semiinfinite and finite baths are presented.
Their application is illustrated using slabs with N = 3.

INTRODUCTION

Equations have been reported describing transient sorption by homogeneous
slabs and by symmetric laminate slabs of two components in well-stirred semi-
infinite and finite baths, sometimes imposing constant concentration gradients,
with constraints of constant diffusion and partition coefficients in each lam-
ina.-19 This article provides general equations for the transient sorption by
symmetrical slabs with 2N laminae each with constant diffusion and partition
coefficients in well-stirred semiinfinite and finite baths. Equations for a specific
system are obtained directly by inserting the system parameters into the general
equations. They are formulated in a manner suitable for computer evaluation
as the specific quantities can be obtained by systematic evaluation of determi-
nants and summations and are applicable in the range of moderate to large time.

The procedure is illustrated by application to a symmetrical laminate slab with
N =3.

DIFFUSION EQUATIONS FOR SEMIINFINITE BATH SYSTEMS

The basic system is a symmetrical laminate slab of 2N laminae in contact with
a semiinfinite well-stirred bath, schematically presented and indexed in Figure
1. The system is also equivalent to an N-laminate slab with the exposed face
of the Nth layer rendered impermeable.

The permeate concentration in the semiinfinite bath is a constant, ¢9. The
concentration in each lamina prior to exposure to ¢° is uniform, Cj in lamina j,
and is related to the initial concentration in the bath, ¢, by the partition coef-
ficient K; = C'/c’. Equilibrium is maintained at each phase interface described
by K1 = C{/c®atx = xgand by K;_1; = C;j—1/Cj atx = xj_1,forj=2,...,N. For
the symmetrical laminate, the interface at x = x is treated as impermeable.
Each lamina is also described by a constant diffusion coefficient D; and a
thickness X; = x; —xj-1,j = 1,...,N. The total thickness of the free slab is
L =23V X,

The differential equations and boundary conditions are
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bath 1

Fig. 1. Schematic representation of a symmetrical laminate membrane system of 2N laminae in
a semiinfinite bath.

2°C; _ 1 oC;

>t =D, ot x,-_1<3;<xj,j=1,...,N (1)
Cilxo,t) = CY t>0; (M) =0 t=0 (2)
OX [x=xN
Cj(x,O)=C§ Xj-1<Xx <xj,j= 1,...,N (3)
Ki-1_Cj—
K]_l]=_ié]_.=—éj—'— x=xj—1:] 2’ ,N
and

K1=C(1)/Co x=x0,t =0 (4)
D 2o p 2 oy t20j=2...,N (5)

Application of the Laplace transform method* using the inversion theorem
provides solutions

2[ALY Y, joj-1(x) + ARP Y, 9i(x) e~ Dnednt

oo

oanN

Ci(xt)=C)+ (C-CH ¥
n=1
ONn (
j=1,..,N (6)
where C? is the concentration in lamina j in equilibrium with the bath concen-
tration c® and | A| is the determinant of the elements Ay, of order 2N generated
by applying j in sequence 1, . .., N as follows:
j = 1, l= 2] - 1; A11 = sin a1X, A12 = COS 01X
j =2... N, l= 2j - 2; A“_l = — sin Oj—1Xj-1, Au = —COS ¢¥j—1Xj—1,
A1,1+1 = in—l,j sin X1, A1,1+2 = Kj_l,j CO8 QjXj—1 (7)
j=2...N, I=2j—-1, Ajj—o= 51'..1,3' COS Oj—1Xj—1,
Al,l—-l = L.Bj_l’j sin Nj—1Xj-1, Al,l = —COS jXj—1, Al,l+1 = —{ sin ;X1
j = N, l = 2N,‘ A2N,2N—1 = COS ANXN, A2N,2N =i sin ONXN
and all other A;; = 0, with 6,1 ; = (D;—1/D;)V/2. The A»%~1and A% are the
cofactors of Ajzj—1 and Ay, respectively, and Yj 9;—1(x) = i sin ajx, Y 9;(x)
=cosajx,j=1,...,N
The an are the nonzero positive roots of

|A] =0 ®)
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indexed as an,, where o = an/d;jN.
For the reduced change in the diffusant mass in the membrane, F(¢), one ob-
tains

_M(@t) — MO
F() == 7o
Ci_CO o 9e—DNoj,t N 1 L
T aml};;ﬁmwlwm%%—mww%ﬂ
= =1 &
C(Nn( )
aaN n

—~ ALY (sin ajpx; — sin ajpxj-1)]  (9)

where M0 = 3, C9X;, Mi = 2, CiX;, and M(t) = 2, J¥_, Ci(x,t) dx.

In some applications, lamina 1 is a film formed in the bath medium in which
the laminate j = 2, ..., N is placed to initiate sorption, which in this case com-
mences at x = x1. The differential equations and boundary conditions are
provided in eqs. (1)-(5), with eq. (3) replaced by

Ci(x,0) = CY xo < x <xq
Cj(x,0)=Cj- Xj—15x ij,j=2,...,N (10)

The solutions are
Cilx,t) = CO+ (C2—C) ¥
n=1
2[ART Y, jojo1(x) + A22Y, ;o) (x)]e DNt

N
Nn a(XN n

J=1..,N (11)

where | A| is again defined and evaluated as in eq. (7). The reduced change of
the diffusant mass in the membrane, j = 2, ..., N, plus in the film, j = 1, is
Ci—C} & 2e Dot N 1

Mi_MOngl (O|A|) j§1a—jn
AN T

F(it)=

aO(N

X x[iA%% ™Y (cos ajnxj — €OS ajnxj—1) — AZ¥ (sin @jpx; — sin ajpxj—1)]  (12)

DIFFUSION EQUATIONS FOR FINITE BATH SYSTEMS

The basic system is a symmetrical laminate slab of 2N layers in contact with
a well-stirred bath of volume V which replaces the semiinfinite bath of the pre-
vious system. The initial diffusant concentration in the bath contacting the slab
at x = xgis ¢% The remainder of the system is as described for the system in
Figure 1.

The differential equations and boundary conditions are given by egs. (1)—(5),
with eq. (2) replaced by

bCl X1 OC1 OCN(x,t))
i_ 41 21 — =0 t=0 (13
ox D1H1 ot ox X—XN ( )

where H; = K;V;/V,j=1,...,N,is the ratio of the amount of diffusant in lamina
] to the amount in V at equilibrium.

s x=x0,t20;(
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Application of the Laplace transform method* provides the solutions

Citat) = €+ 14D ol - epx,
1+ Y H;
=1
X 3 HARY 'Wajoi-1(x) + ALY, 0 (x)]
n=1 51N(9|ﬁl)
“\oan/n

X xe Dnadnt  j=1,...,N (14)

where | A| is the determinant generated according to eq. (7), except that A;; and
Ao are replaced by

j=1,1=2j—1; A1 = Hy cos ayxg + a1 X1 sin a1xg
Ao = i[Hj sin cyxg — a1 X1 cos argxo) (15)

Evaluating eq. (14) at x = xq, using K; = C/c, and rearranging, one obtains for
the reduced change in the diffusant concentration in the bath volume V

G(it) = c(t) = Z Z, e~ Dnodxt (16)
—c!
where
1 12
7. = 92X, [An' Yn11(x0) + An’ Y 10(x0)] 17
2|A]|
01N
baN n
Other useful reduced concentration changes are given by
S(t) = c(t) (1-+ 5 II) ) (18)
and
(1 . H)
—of £ j
=D 1 T Tgq (19)
cd—c N
2 H;
Jj=1
When lamina 1 is a film formed in the medium in which theslabj=2,... , N

is placed to initiate sorption, the boundary conditions are expressed by egs. (1),
(4), (5), (10), and (13), and the solutions are

Ci(x,t) = Ci+ —CJ——CJ—+ 2(Ci — CYHX,4

1+zH

([AZYYY, i 0i1(x) + AZYY, ;5 9i(x)]
O|A
51,N( | I)

aOlN n

X e—DNoz?v,.t

X 2
n=1

j=1,..,N (20)
Evaluating C(x¢,t) and rearranging yields
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G(t) = S'jl W, e~Dnednt (21)
where
W, = 2iX1[A,2,1Yn,11(xg)lzlA?lZYn,lz(xo)] (22)
oy (aa’-N)"

APPLICATION TO LAMINATES WITH N = 3
The laminate with N = 3 is used here to illustrate the reduction of general
expressions to specific systems.
Semiinfinite Bath

The determinant generated according to eq. (7) with N = 3 is

[A] =
I sin a3xg COS a1X o 0 0 0 0
—isin —Cos iK1 sin Kz cos 0 0
aixi a1xXq aoX1 a9X
012 COS 1819 sin —Cos —i sin 0 0
a1x1 a1xX1 X1 oX ]
0 0 —i sin —cos 1K 93 sin K3 cos
a9X 9 (33 %)) a3X2 [25:34))
4] 0 dg3 €OS 693 sin —cos —I sin
a9X g aoX2 a3zxXo x3X 2
0 -0 0 0 COS (XX 3 i sin agxs
(23)

which reduces to

|A| = sin @1 X1 cos asX o sin a3 X5
+ 893K 93 sin a1 X 1 sin a9 X9 cos asX g + 019K 19 cos a1 X sin g X g sin a3 X3
— 613K 13 cos a1 X1 cos @gX g cos as X3 (24)

The aj, are determined from |A] = 0, and (3| A|/da3), becomes

e} X

(ﬂ) = (& + 6—12512_‘2 + 513K13X3) COS alnXl Cos OlanQ sin a3nX3

dag In  \013 093

+ (523K23X1 + 013K 13X
013 093

012K12X1 X
- (—12—12—l + 6_2 + 523K23X3) sin o1, X1 sin a9, X9 sin a3, X3

013 23
+ (512K13X1
013

and the necessary cofactors are

+ 52K12X3) c0s a1, X1 sin a9, X9 cos a3, X3

+ K93 Xs + X3) sin o1, X1 cos a9, X o cos g, X3 (25)

Al = i[cos atynxy cos @2, X9 s5in a3, X3
+ 523K23 COS X1pX1q sin a2nX2 COs aang
— 012K 19 sin «¢1,x1 sin ag, X o sin oz, X3
+ 513K13 sin 1pX1 COS aanQ CcOs a3nX3]
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A2 = sin aqux1 €08 @9 X o sin g, X + 693K 93 sin nx1 sin e, X2 cos a3, X3
+ 619K 12 cos 3% sin wg, X sin a3, X3
— 613K 13 €08 01X €OS a9y X9 COS 3, X3
A = id15[cos agnxasin ag, X3 + 023K 93 sin ag,x 9 €08 a3n X
Al = 515[sin agpxa sin @z, X3 — 693K 03 COS X922 €OS 23, X 5]
A,!LE’ = i513 sin A3nX3

A® = —§15c08 X3 (26)

Substituting egs. (25) and (26) into eq. (9) and using the relation

ci-ct Ky o
Mi—M% (Kjshis+ Kashos + 1) X3
yields

" Kishis + Koghog + 1 i1

where X; = M3X3and X2 = Ag3X 3 and the U, are given by

U, = (tan a3, X3 + 693K o3 tan ag, Xo — 619K12 tan a1, X1 tan ag, X tan a3, X3

+ 013K tan 041nX1)/a§nX3[(X1/513 + 012K12X2/093 + 013K13X3) tan a3, X3

+ (523K23X1 + 013K13X

+ 612K12X3) tan a‘anQ
013 023

X: X
- (ﬁﬁl% + 5—2 + 523K23X3) tan a1, X1 tan a9 Xs tan a3, X3
13 23

+ (K13X1 + K93 Xo + X3) tan a1, X1 (29)

Tt is convenient to use a3y X5 = R, aonXo = AagR, /023 and a1, X1 = A3R,/013
to give

2513K13 i Zn e—DgRﬁt/Xg (30)

F@i) =
® AaKis+ AosKoz + 1 n=1
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where
>\ n 3fin
Z = tanR + 523K23 tanA R - 512K12 tan 13R tan )\23R tan Rn
Oa3 013 823
+ (313K13 tan >\13R ]/R2 [(>\13 512K12>\23 + 523K23) tan Rn
013 013 093
+ (523K23>\13 + 513K13>\23+ 612K12) tan AgsRp 31)
013 023 093
- (6—1@ Az + 523K23) tan S tan Mook tan R,
013 023 013 093
)\13R
+ (K13>\13 + Kgf;}\gg + 1) tan ——
13

The R,, are the nonzero positive roots of

>\23Rn] AisR,
tan

tan Rn + 523K23 tan
623

013

A
+ 512K12 tan Rn tan 2

R,
n 523K23l =0 (32)
23

Finite Bath

The determinant |A| for the system with N = 3 generated according to eq.
(7) is given by eq. (23), with terms A1; and A3 replaced by the expressions pro-
vided in eq. (15). The determinant reduces to
|A] = i{[H; cos a1, X1 — a1, X1 sin a1, X]

X [cos agn X g sin a3, X3 + 093K 23 sin a9, X o cos a3, X 3]
+ 619K 19[Hy sin a1, X1 + a1, X cos a1,X ]
X [sin agn X o sin a3, X3 + 623K93 cos a9, X o cos a3, Xali  (33)

The «j, are determined from |A| = 0. Finally, following eq. (16) using R, =
azn X3,

G(t) = 3 Z, e-DsRat/X3 (34)
n=1
where
AisRn AisR, A
Z, = 2\13 (tan 371 tan R, + 093K 93 tan L1877 4 an 23ftn
13 013 d23

Ao
+ 512K12 tan R

" tan R, —513K13) /L,, (35)
093

and

L,= 513[ [(1 +H )—+H 012K 19 223 +H1513K13]
013

>\13Rn

A3 Aos
X tan tan R, — |(1 + H1)023Kos — 5 2 4 H 615K 5 2

13 13 523
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+ H1612K12] tan >\13Rn tan ML‘
013 003
i3
[(1 + Hy)61oK 10 22 50 24 H, ;‘ + H 653K 53] tan 7\23R" tan R,
13 23
AsRe] [(A o3
+ [(1 + H)K13A13 + HiKa3ho3 + Hq] — { = ] [( 34 510K12 22 (36)
013 013 093

A3 Aos AgaR
+ 613K13) tan R + (523K23 + 513K13 + 612K12 tan 23 Tn
513 623 623
AR, >\13 Aoz
+ (K13M13 + Koghos + 1) tan —012K12—
013 013 5
AsR, AasR
+ 523K23) tan 3 tan 287 tan Rn
013 023
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